
Formal Methods in Computer-Aided Design 2026

Semantics, Operations, and Properties of P3109
Floating-Point Representations in Lean
Tung-Che Chang ∗, Sehyeok Park ∗, Jay P. Lim †, and Santosh Nagarakatte ∗

∗Rutgers University, Piscataway, NJ, USA
tc.chang@rutgers.edu, sp2044@cs.rutgers.edu, santosh.nagarakatte@cs.rutgers.edu

†University of California, Riverside, Riverside, CA, USA
jlim@ucr.edu

Abstract—The upcoming IEEE P3109 standard for low-
precision floating-point arithmetic can become the foundation
of future machine learning hardware and software. Unlike
IEEE-754, P3109 introduces a parametric framework defined
by bitwidth, precision, signedness, and domain. This flexibility
yields a vast combinatorial space of formats, some with as little as
one bit of precision, alongside novel features such as stochastic
rounding and saturation arithmetic. These deviations create a
unique verification gap that this paper intends to address.

This paper presents FLoPS, Formalization in Lean of the
P3109 Standard, which is a formal model of P3109 in Lean.
Our work serves as a rigorous, machine-checked specification
that facilitates deep analysis of the standard. We demonstrate
the model’s utility by verifying foundational properties and
analyzing key algorithms within the P3109 context. Specifically,
we reveal that FastTwoSum exhibits a novel property of com-
puting the exact “overflow error” under saturation using any
rounding mode, whereas previously established properties of the
ExtractScalar algorithm fail for formats with one bit of
precision. We also provide a verified executable bit-level kernel,
with refinement proofs for rounding, saturation, projection, and
the core arithmetic operations. This work provides a verified
foundation for reasoning about P3109 and enables formal veri-
fication of future numerical hardware and software. Our Lean
development is open source and publicly available.

I. INTRODUCTION

The upcoming IEEE P3109 standard [21] introduces a
flexible framework for low-precision, binary floating-point
(FP) formats tailored for machine learning. In contrast to
IEEE-754 [20], a P3109 format is defined by four parameters:
bitwidth K (the total number of bits), precision P (how
accurately real numbers can be represented), signedness Σ
(whether negative numbers are included), and domain ∆ (finite
or extended, determining whether infinities are included). This
parametric approach results in a large space of potential
formats with distinct encoding schemes. Each format has 2K

bit-patterns, which are called code points. Each code point
encodes a floating-point datum, which is a value from the
mathematical object of closed extended reals (set of real
numbers augmented with positive infinity, negative infinity,
and not-a-number). Every format contains a single zero and a
single NaN (not a number) datum, with infinities determined
by the format. These features are designed to maximize
the number of real numbers representable with low-bitwidth
encodings. To address the limited precision and dynamic range
of low-bitwidth formats, the P3109 standard provides diverse

specifications for mapping real numbers to representable da-
tums. P3109 extends the rounding modes supported by IEEE-
754 (i.e., round-down (RD), round-up (RU), round-toward-
zero (RZ), round-to-nearest-ties-to-even (RNE), and round-
to-nearest-ties-away (RNA)) with round-to-odd (RTO) and
three variants of stochastic rounding (SR), which are used
to enhance convergence and stability in machine learning
training [17]. P3109 operations also use explicit saturation
modes that determine whether out-of-range rounded results
become a finite boundary datum, an infinity, or NaN.

Formal verification of IEEE-754 floating-point arithmetic
is a well-established field [6], [7]. Mainstream FP verifi-
cation literature assumes a “reasonably large” precision, an
assumption that could fail in the context of machine learning
formats where precision may drop to as little as one bit.
Therefore, existing formalizations of floating-point arithmetic
under IEEE-754 need to be significantly modified to handle
various properties unique to P3109.

FLoPS. This paper develops a formalization bespoke to
P3109 that supports verification of its parametric formats,
operations, and future applications. We describe FLoPS, a
Formalization in Lean of the P3109 Standard. We chose
Lean 4 for its extensive Mathlib libraries, including EReal
for the real-and-infinity component of P3109’s reference do-
main, and its expressive tactic language.

Our primary objective with FLoPS is to establish a mathe-
matically precise ground truth for P3109 formats and projec-
tion, which can serve as a reference model for future P3109
implementations. As P3109-compliant hardware accelerators
for machine learning are actively being developed, a verified
specification is essential for ensuring that register-transfer-
level (RTL) implementations faithfully realize the standard’s
semantics. To avoid the complexity of raw bit-level reasoning,
we establish a three-way equivalence between code points, our
algebraic model, and the P3109 datum set of each format (Sec-
tion III), which serves as a natural bridge: properties proven
at the mathematical level transfer directly to the concrete bit-
patterns that hardware uses, and the verified projection pipeline
can serve as a reference for equivalence checking against
hardware designs.

To show our model’s practical utility, we formalize the
properties of the FastTwoSum [16] algorithm in the context
of P3109 (Section IV). Under the round-to-nearest round-
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ing mode, FastTwoSum computes the exact rounding er-
ror of FP addition using only FP operations. Through our
formalization, we discovered that FastTwoSum exhibits a
novel property in the presence of saturation. When an over-
flowing sum is clamped to the corresponding finite bound-
ary datum, FastTwoSum computes exactly the difference
between the real sum and that datum, regardless of the
rounding modes used by its three operations. We extend
our analysis of FastTwoSum to develop the first formal
analysis of the FP splitting technique ExtractScalar [31].
Our analysis reveals that previously established properties of
ExtractScalar do not extend to P3109 formats with one-
bit precision (Section V).

The FLoPS framework is open source and publicly avail-
able [9], [10]. While developing FLoPS, we discovered mul-
tiple errors in the draft P3109 standard and reported them to
the P3109 working group; these errors have subsequently been
fixed.

II. BACKGROUND

We provide a brief background on both the IEEE-754 stan-
dard and the P3109 standard highlighting the key differences
in decoding a code point to a floating-point datum.

A. The IEEE 754 Standard

The binary IEEE-754 format [20] is characterized by its
precision P and exponent bounds emin and emax. Let Vf ⊆
R denote its finite representable numbers. A member x ∈ Vf
has the form x = (−1)sm2E−P+1, where m,E ∈ Z and
0 ≤ m < 2P . A nonzero value is normal when 2P−1 ≤
m < 2P and emin ≤ E ≤ emax; it is subnormal when
0 < m < 2P−1 and E = emin.

A K-bit binary encoding consists of a sign bit, a W =
K − P bit exponent field, and P − 1 trailing significand bits.
For a normal value, the real-value formula above uses the
canonical (unbiased) exponent E. Encoding adds the format
bias B and stores Ebiased = E + B in the exponent field;
decoding subtracts the bias to recover E = Ebiased − B.
Normal encodings also omit the leading significand bit. An
all-zero exponent field identifies zero or a subnormal, while an
all-ones exponent field identifies infinities and NaNs. Because
the sign is stored explicitly, IEEE-754 has distinct encodings
for +0 and −0.

For rounding real results, we use the ordered numerical
set Vf = Vf ∪ {−∞,+∞}; NaNs are IEEE-754 values
but are excluded from this set because they are unordered.
Arithmetic results generally require a rounding function ◦ :
R → Vf . For a real r, let pred(r) and succ(r) denote its
neighboring elements in Vf . Rounding is faithful when it
preserves representable inputs and otherwise selects one of
these neighbors. A rounding function is monotonic when it
preserves order: r1 ≤ r2 implies ◦(r1) ≤ ◦(r2). IEEE-754
defines the five rounding directions RD, RU, RZ, RNE, and
RNA. The directed modes select a neighbor according to sign
and direction; the nearest modes select the closer neighbor,

TABLE I: Mappings from code points to their corresponding
floating-point datums for the Binary4p2se signed extended
format and the Binary4p2sf signed finite format. Each
format has 4 bits in total and 2 bits of precision. For com-
parison, we also show an IEEE-754 format with one sign bit,
two exponent bits, and two bits of precision. For each entry,
the note column indicates whether it is zero (zero), subnormal
(sub.), normal (norm.), infinity (± inf.), or NaN (nan).

Code Binary4p2se Binary4p2sf IEEE-754
point Datum Note Datum Note Datum Note
0000 0 zero 0 zero +0 zero
0001 0.25 sub. 0.25 sub. 0.5 sub.
0010 0.5 norm. 0.5 norm. 1 norm.
0011 0.75 norm. 0.75 norm. 1.5 norm.
0100 1 norm. 1 norm. 2 norm.
0101 1.5 norm. 1.5 norm. 3 norm.
0110 2 norm. 2 norm. +∞ +inf.
0111 +∞ +inf. 3 norm. NaN nan
1000 NaN nan NaN nan −0 zero
1001 −0.25 sub. −0.25 sub. −0.5 sub.
1010 −0.5 norm. −0.5 norm. −1 norm.
1011 −0.75 norm. −0.75 norm. −1.5 norm.
1100 −1 norm. −1 norm. −2 norm.
1101 −1.5 norm. −1.5 norm. −3 norm.
1110 −2 norm. −2 norm. −∞ -inf.
1111 −∞ -inf. −3 norm. NaN nan

breaking midpoint ties toward an even significand (RNE) or
away from zero (RNA).

IEEE-754 resolves overflow, where the real value being
encoded is greater than the largest finite representable value
Mhi = (2P − 1)2emax−P+1, by rounding between the corre-
sponding finite boundary and infinity. For example, r > Mhi

rounds to Mhi under RD or RZ and to +∞ under RU.

B. The IEEE P3109 Standard

The upcoming P3109 standard [21] allows for the derivation
of a format f via a tuple of four parameters: bitwidth (K),
precision (P ), signedness (Σ), and domain (∆). The bitwidth
K specifies the total storage size and must be at least 3 bits.
The precision P must be at least 1. P is further constrained
by the signedness parameter Σ ∈ {Signed,Unsigned}: P
must be strictly less than K for Σ = Signed and must be
no greater than K otherwise.
Σ determines whether the datum set contains negative reals,

while the domain ∆ ∈ {Finite,Extended} determines
whether it contains infinities. Finite formats contain fi-
nite real datums and NaN; Extended formats additionally
contain both infinities when Signed, and only +∞ when
Unsigned.

Let Rω = R∪{−∞,+∞,NaN}. Each format f has a datum
set Df ⊆ Rω and a bijective encoding from its datums to 2K

integer code points. Thus, a code point represents a datum; it is
not the datum itself. We write M lo and Mhi for the minimum
and maximum finite datums, respectively, of the format under
discussion.

Table I presents the mapping between code points and de-
coded datums for two P3109 configurations: Binary4p2se
(Σ = Signed, ∆ = Extended, K = 4 bitwidth, P = 2



bits of precision) and Binary4p2sf (Σ = Signed, ∆ =
Finite, K = 4 bitwidth, P = 2 bits of precision). To
facilitate comparison, we also provide the decoding for an
IEEE-754 format with one sign bit, two exponent bits, and two
bits of precision. As illustrated in the table, a code point is the
bit-pattern (i.e., an integer) encoding a particular floating-point
datum representable by the P3109 format.

The P3109 standard uses one code point to represent each
distinct datum. Unlike the IEEE-754 standard, P3109 explicitly
defines one code point to represent the datum zero and a single
code point for the NaN datum. The code points corresponding
to special datums depend on the parameters K, Σ, and ∆, as
shown in Table II. Finite configurations (i.e., ∆ = Finite)
do not include ±∞, and unsigned configurations (i.e., Σ =
Unsigned) do not include −∞.

TABLE II: Code points for special datums at bitwidth K.

Datum Signed
Extended

Signed
Finite

Unsigned
Extended

Unsigned
Finite

NaN 2K−1 2K−1 2K − 1 2K − 1
+∞ 2K−1 − 1 N/A 2K − 2 N/A
−∞ 2K − 1 N/A N/A N/A

In the case of Σ = Signed formats, P3109 maps the NaN
datum to the code point 2K−1, the code point that IEEE-754
uses for −0. In Table I, this corresponds to the code point
1000. All code points not assigned to a special datum map
to a finite datum. Hence, the code points for special datums
can share the same exponent-field values with finite datums.
Specifically, P3109 does not reserve the highest exponent field
entirely for representing infinities and NaNs. In Table I, the
code points 0110 and 0111 share the same exponent-field, 11.
In the Binary4p2se format, these code points map to the
datum 2 and +∞, respectively. In contrast, IEEE-754 uses
code points with the highest exponent field to represent +∞
and NaNs, respectively.

These choices in P3109’s encoding of special datums max-
imize the number of finite datums in low-precision formats.
Each of Binary4p2se and Binary4p2sf represents 16
distinct datums. For comparison, the IEEE-754 encoding as-
signs two code points to zeros and two additional code points
to NaN, resulting in 14 unique datums.

For a normal code point, P3109 stores Ebiased = E+B and
recovers the canonical exponent E by subtracting the bias B.
However, P3109’s bias computation deviates from IEEE-754:
IEEE-754 defines the exponent bias from the maximum rep-
resentable exponent emax, whereas P3109 instead derives B
directly from bitwidth, precision, and signedness. For Signed
formats, B = 2K−P−1; for Unsigned formats, B = 2K−P .
The exponent field width W is K − P for Signed formats
and K − P + 1 otherwise. Thus, in P3109, emax is derived
from the bias. The specific value of emax depends on which
code points are reserved for ∞ and NaN.

Consider the code point n = 00112 for the formats
Binary4p2se and Binary4p2sf from the example in

Table I. Its sign bit is 0 and the exponent field is 012, so
Ebiased = 1, and the trailing significand is T = 1. Since
the bias B = 2K−P−1 = 24−2−1 = 2, the exponent field
is decoded to the canonical exponent, E = Ebiased − B =
1− 2 = −1. Finally, the floating-point datum encoded by the
code point is

(1 + T21−P )2E = (1 + 2−1)2−1 = 3
4

For a subnormal code point, the exponent field of the P3109
code point is all zeros, as in IEEE-754. The unbiased exponent
for subnormals is 1−B.

For a Signed format, P3109 has an ordering pattern similar
to IEEE-754: code points below 2K−1 increase from zero
toward the positive boundary, while code points above it run
in reverse numerical order from datums near zero toward the
negative boundary; 2K−1 encodes NaN. Numerical compari-
son can therefore use similar sign-aware integer techniques,
with special handling for NaN.

For arithmetic operations, P3109 provides the five IEEE-
754 rounding directions RNE, RNA, RD, RU, and RZ,
together with round-to-odd (RTO) and three finite-random-
bit stochastic variants (SR) [17]. Ideal stochastic rounding
chooses adjacent datums with distance-proportional probabili-
ties and is point-wise unbiased. With a uniform N -bit random
integer, the three finite-bit variants quantize the ideal round-up
probability in different ways. Their bias properties also depend
on the distribution and precision of the inputs; Section III-C
states the probability spaces used in our proofs.

P3109 formats can also exhibit unique rounding behavior
at very low precision. For P = 1, nonzero finite datums
have no trailing significand bit, so parity-based modes use
the parity of the stored biased exponent Ebiased = E + B
instead. P3109 additionally defines three saturation modes for
rounded results outside [M lo,Mhi]. Every mode propagates
NaN unchanged. SatFinite clamps every such result to
a finite boundary. SatPropagate preserves representable
infinities and otherwise clamps. SatNone returns a finite
boundary, infinity, or NaN according to rounding direction,
signedness, and domain.

III. THE FLOPS FRAMEWORK

P3109 ADT
p3109f

Code Points
Fin(2K)

Datum Set
Df ⊆ Rω

Representation Bijection
Φf/Φ

−1
f

Semantic Bijection
[[·]]/encodeADT

Corollary: Isomorphism
Composition of Bijections

Fig. 1: The three-way isomorphism between code points, the alge-
braic ADT, and the datum set.



We describe our FLoPS framework for the formalization of
low-precision representations in the P3109 standard. To bridge
the gap between low-level code points used in the P3109 stan-
dard and high-level mathematical reasoning, FLoPS has three
primary parts: (1) code points in Fin(2K), (2) an algebraic
model with inductive types, and (3) datum sets Df ⊆ Rω .
To reason about the projection pipeline, we use Mathlib’s
EReal, which provides the real-and-infinity component of
Rω together with a library of order and arithmetic theorems;
we represent NaN separately as described below. To facilitate
rigorous proofs, we define the P3109 formats and algebraic
terms as inductive types. This layer abstracts away from bit-
level details to enforce the standard’s parametric constraints on
bitwidth, precision, and encodings of special datums directly
in the type system. By treating P3109 representations as
algebraic structures rather than as bit patterns, we simplify
the formalization of operations and predicates.

For a fixed format f , we represent its code points by
Fin(2K) and factor decoding through the algebraic type:

Fin(2K)
Φf←−−→
Φ−1

f

p3109f
[[·]]←−−−−−−−→

encodeADT

Df .

Here, Φf maps a code point to an ADT term, and [[·]] evaluates
that term as a datum; the lower arrows are their inverses.
We use the neutral name Φf because its codomain is our
intermediate ADT rather than the datum set. Both maps are
proved bijective in Section III-B.

Three-way isomorphism. To relate our model directly
to the P3109 specification, we establish a three-way formal
equivalence, as shown in Figure 1. Specifically, it involves
showing (1) representation equivalence and (2) semantic
equivalence. The representation equivalence step ensures a
verified bijection between the code points and our algebraic
model. The semantic equivalence step also provides a proof of
bijection between the algebraic model and the datum set of a
given P3109 format. These two steps guarantee that any prop-
erty proven within our algebraic model automatically holds
for the code point representation specified by the standard.
FLoPS also includes a formalization of the core projection

pipeline from Rω to an algebraic term, which determines
the target code point through Φ−1

f . The pipeline uses a
bespoke implementation of the rounding modes, including the
unique “ties-to-even” logic required for P = 1 formats, and
formalizes the saturation semantics. It supports verification of
the foundational FP algorithms in Section IV.

A. The P3109 Algebraic Model

The P3109 algebraic type is indexed by a P3109 format as
detailed in Section II. The core constructor of the ADT is a pair
of integers m (significand) and e (exponent), supplemented
with the constraints imposed by the indexed format. Note that
because e is not explicitly scaled with respect to the precision,
e represents the exponent of the significand’s least significant
bit.

Format parameters and derived values. We define a
format f using a structure containing the four fields K, P ,
s (i.e., Σ) and d (i.e., ∆) along with their constraints.

structure p3109_format where
-- Four format-defining parameters
K : N
P : N
s : Signedness
d : Domain
-- Validity proofs for the parameter tuple
h_K : 2 < K
h_P : 0 < P ∧ (s = Signedness.signed → P < K

) ∧ (s = Signedness.unsigned → P ≤ K)

Listing 1: Definition of the p3109 format structure

To characterize finite terms within a format’s dynamic
range, we derive minimum and maximum representable expo-
nents from the format’s bias B. We distinguish the exponent
emsb assigned to a P -bit significand’s most significant bit
(MSB) from the exponent elsb assigned to its least significant
bit (LSB). They satisfy emsb = elsb + P − 1, equivalently
m2elsb = m2emsb−P+1. The standard’s canonical exponent
E uses the MSB convention, whereas the exponent e in
p3109_finite uses the LSB convention. Accordingly, the
minimum exponent for the MSB is uniformly defined as
emin = 1−B, and eminlsb = emin− P + 1.

emax =





2W → 3→B if P = 1, s = unsigned, d = extended

2W → 2→B if P = 1, s = unsigned, d = finite

2W → 2→B if P = 1, s = signed, d = extended

2W → 2→B if P = 2, s = unsigned, d = extended

2W → 1→B otherwise

Fig. 3: The definition of emax for all K, P , s, and d.

nfmax =



2K→1 → 2 if ! = Signed ↑” = Extended

2K→1 → 1 if ! = Signed ↑” = Finite

2K → 3 if ! = Unsigned ↑” = Extended

2K → 2 if ! = Unsigned ↑” = Finite

Fig. 4: The definition of nfmax, the encoding of the maximum
finite value in a given format.

(Figure 5b) maps these components to the algebraic finite con-
structor while distinguishing between subnormal (including
zero) and normal values.

!(n)=



NaN (n=2K→1 → ”=S)↑(n=2K↓1 → ”=U)

+↔ (n=2K→1↓1 → ”=S →#=E)

↑ (n=2K↓2 → ”=U →#=E)

↓↔ n=2K↓1 → ”=S →#=E

↓!fin(n↓2K→1) 2K→1 <n<2K → ”=S

!fin(n) otherwise

(a) The bit-to-ADT decoding function.

!fin(n)=

{
p3109_finite(T, E↓P +2) if E = ↓B

p3109_finite(2P→1+T, E↓P +1) otherwise

(b) The helper function for finite value encodings.

Fig. 5: (a) The bit-to-ADT decoding function. (b) The helper
function for finite value encodings. S = Signed, U =
Unsigned, E = Extended.

We prove that # is a bijection.

Lemma 1 (# is injective). ↓n1, n2 ↔ Fin(2K), #(n1) =
#(n2) =↗ n1 = n2

Lemma 2 (# is surjective). ↓b : p3109f , ↘a ↔
Fin(2K) s.t. #(a) = b

The central difficulty distinguishing these proofs from their
IEEE-754 counterparts is that P3109 dynamically shifts the
boundary between finite and special-value encodings based
on the format parameters (K,!,”), unlike IEEE-754’s static
partition at E = 2W → 1 (Table I). For injectivity, we
decompose the encoding space into disjoint regions and use
the uniqueness of Euclidean division within the finite region.
For surjectivity, we construct explicit bit-pattern witnesses
for each ADT constructor and verify they do not collide

with adjacent partitions. Because P3109 shifts partition bound-
aries dynamically, each format configuration requires separate
verification—our mechanization formally certifies that the
ADT invariants correctly partition the full encoding space.

Differential testing. The three-way isomorphism estab-
lishes internal consistency of our model. To additionally
validate that it faithfully captures the P3109 standard, we
extracted the encode/decode functions in the isomorphism and
performed differential testing against the value table available
in the standard.

Semantic soundness. To connect the algebraic model to the
semantic domain, we define an encoding function encode :
Vf ≃ p3109f that maps values back to the algebraic
structure and establish the round-trip identity:

Theorem 1 (Round-Trip Identity). ↓a ↔
p3109f , encode([[a]]) = a

Theorem 1 confirms that [[·]] is injective and encode is its
left inverse. Since [[·]] is surjective onto Vf by construction, it is
a bijection. Composing # and [[·]] yields the full isomorphism
between Fin(2K) and Vf .

C. Projection

Floating-point operations in the P3109 standard are defined
mathematically on the set of closed extended reals and their
results are projected back into a representable value in the
target format. This projection is a three-step process: rounding
a real number to a precision P with unbounded exponents,
saturating based on the format’s finite range, and encoding
the closed extended real back to a P3109 value. The standard
defines a projection specification ω as a pair consisting of a
rounding mode and a saturation mode: ω = (Rndω, Satω)

Rounding. The RoundToPrecision function converts a
real number x to a value representable with precision P and an
unbounded exponent. P3109 supports all IEEE-754 rounding
modes (e.g., RNE, RZ) as well as RO and three variants
of SR. Our implementation is parameterized by a rounding
operator that rounds the scaled significand of x to an integer;
for each operator, we provide an axiomatic definition and
prove the correctness of the implementation. For the standard
IEEE-754 modes, we formalize their defining properties (e.g.,
RNE returns the nearest neighbor and even significand when at
midpoint, RD returns the predecessor, RU returns the succes-
sor) and show they lift to the P3109 projection pipeline. For the
three SR variants, we formally verify their bias properties [15]:
the fastest variant has exact bias →2→(N+1) for N random
bits, the second variant is pointwise unbiased, and the last

Fig. 2: The definition of emax for all K, P , s, and d.

Unlike emin, the definition of maximum exponent varies
across formats due to differences in the code points for special
datums (see Table II). The maximum possible exponent for
the MSB (emax) is defined via case analysis on the format
parameters and their associated exponent field length W . The
default definition emax = 2W−1−B, for which the encoding
is 2W −1, covers the majority of the formats. However, lower
precision formats deviate from this definition. When P = 1,
the trailing bits of the binary encoding form the exponent
field (i.e., no significand field). Moreover, the largest binary
encodings are reserved for special datums. For an Unsigned
Extended format with P = 1, we have W = K; NaN and
∞ occupy 2W −1 and 2W −2, respectively. The largest usable
stored exponent-field value Ebiased in this case is 2W − 3, so
decoding gives emax = Ebiased−B = 2W −3−B. A similar
case arises for the Unsigned Extended formats when
P = 2. Figure 2 provides the full definition of emax covering
all cases. Given the definition for emax, we define the
maximum exponent for the LSB as emaxlsb = emax−P +1.

Validity and canonical terms. We define algebraic terms
with the inductive type p3109, indexed by a format f .



inductive p3109 (f : p3109_format) where
-- Infinity validity proofs
| p3109_infinity (h : f.d = .extended) (sign

: Bool) (hm : sign=true → f.s=.signed)
| p3109_nan
-- Finite validity proofs
| p3109_finite (m e : Z)
(hm : f.s = .unsigned → 0 ≤ m)
(hcan : @canonical_p3109 f ⟨m, e⟩)
Listing 2: Definition of the p3109 inductive type

The p3109 type has constructors p3109_infinity,
p3109_nan, and p3109_finite. The infinity constructor
requires f to be Extended; negative infinity additionally re-
quires f to be Signed. In displayed constructor applications,
including the worked example and Figure 4, we suppress the
domain, signedness, and canonicality proof arguments; Lean
constructs and checks them from the surrounding conditions.

A finite term p3109_finite(m, e) must satisfy a sep-
arate signedness constraint: m is nonnegative when f is
Unsigned. Its canonicality predicate has two branches. The
normal branch requires 2P−1 ≤ |m| < 2P and eminlsb ≤
e ≤ emaxlsb, together with a format-specific restriction at the
top exponent that prevents collision with code points reserved
for special datums. In our ADT’s canonicality predicate, the
subnormal branch requires e = eminlsb and |m| < 2P−1.
This branch deliberately includes m = 0, giving zero the
unique ADT representative (0,eminlsb). The P3109 standard
classifies zero separately from normal and subnormal datums
and gives it the canonical exponent E = 0; representing zero
in this branch of our ADT changes neither the evaluated datum
nor code point 0.

Lastly, we define a mapping [[·]] from the P3109 algebraic
model to Rω . Mathlib’s EReal represents R ∪ {−∞,+∞},
but does not contain NaN. We therefore represent Rω as
EReal⊕Unit. The left injection contains every real as
well as Mathlib’s ⊤ and ⊥, representing +∞ and −∞;
the unique right-injected element represents NaN. A finite
P3109 term (m, e) maps to the left-injected m × 2e; the
infinity constructors map to the left-injected ⊤ and ⊥, and
p3109_nan maps to the right-injected unit. We formally
define the datum set Df of a format f as the range of the
evaluation function: Df = {v | ∃a ∈ p3109f , [[a]] = v}.
Returning to the Binary4p2se example from Section II,
the constructor stores the integer significand m = 3 and LSB
exponent e = E − P + 1 = −2:

Φf (3) = p3109_finite(3,−2),
[[Φf (3)]] = 3 · 2−2 = 3

4 .

We establish the invertibility of these mappings in the next
section, in which we prove the correctness of the formaliza-
tion.

B. Establishing the Three-Way Isomorphism

We now establish the isomorphism sketched in Figure 1.
Validating algebraic bounds. To establish the full isomor-

phism, we must first verify that the algebraic bounds defining

our ADT are mathematically sound. The most delicate bound
is the maximum exponent. As discussed in Section III-A,
formats with precision P ≤ 2 reserve the highest exponent
field encodings for special datums, dynamically lowering the
maximum representable finite exponent. We decode the expo-
nent directly from the code point nfmax of the maximum finite
datum (Figure 3) and prove its equality with the emax defined
in Figure 2 under case analysis on the format parameters.

nfmax =





2K→1 → 2 if ! = Signed ↑” = Extended

2K→1 → 1 if ! = Signed ↑” = Finite

2K → 3 if ! = Unsigned ↑” = Extended

2K → 2 if ! = Unsigned ↑” = Finite

Fig. 4: The definition of nfmax, the encoding of the maximum finite value in a given format.

Bijection between bit-level encodings and the ADT. We
define the bit-to-ADT decoding function # : Fin(2K) ↓
p3109f as a piecewise mapping (Figure 5a). For integers in
the finite domain, # extracts the significand (m) and canonical
exponent (e) via Euclidean division. Given a target precision
P and exponent bias B, let the trailing significand T and
the biased exponent E be defined as T = n mod 2P→1 and
E = ↔n/2P→1↗ → B respectively. The helper function #fin

(Figure 5b) maps these components to the algebraic finite con-
structor while distinguishing between subnormal (including
zero) and normal values.

!(n)=





NaN (n=2K→1 → ”=Signed)↑(n=2K↓1 → ”=Unsigned)

+↔ (n=2K→1↓1 → ”=Signed →#=Extended)

↑ (n=2K↓2 → ”=Unsigned →#=Extended)

↓↔ n=2K↓1 → ”=Signed →#=Extended

↓!fin(n↓2K→1) 2K→1 <n<2K → ”=Signed

!fin(n) otherwise

(a) The bit-to-ADT decoding function.

!fin(n)=

{
p3109_finite(T, E↓P +2) if E = ↓B

p3109_finite(2P→1+T, E↓P +1) otherwise

(b) The helper function for finite value encodings.

Fig. 5: (a) The bit-to-ADT decoding function. (b) The helper function for finite value encodings. S = Signed, U = Unsigned,
E = Extended.

Saturation. Using the saturation modes described in Sec-
tion II, the Saturation function handles values exceeding
the format’s finite range [M lo, Mhi]. The output of applying
RoundToPrecision and Saturation must be a value
in the target value set. We prove this through case analysis on
whether the original input value is already in the finite range. If
it is, the result of RoundToPrecision and Saturation
is guaranteed to be in the value set due to the aforementioned
monotonicity property. For values greater than Mhi, we prove
that the saturated result is either Mhi or +→. Similarly, we
prove that values smaller than M lo saturate to either M lo or
↑→.

Encode. Encode takes a closed extended real value x ↓
Vf and returns the corresponding p3109 algebraic value; its
correctness is guaranteed by the bijection established in the
three-way isomorphism (Theorem 1).

Projection. We assemble the three steps to form the
Projection pipeline. We present key properties of
Projection that are relevant to our analysis in Sections IV
and V.

Lemma 3 (Projection equals to rounding if already in range).
If an extended real value r is in the finite range M lo ↔ r ↔
Mhi then Projection and RoundToPrecision produce
the same outputs in the extended real domain.

Lemma 4 (Projection is ”faithful”). Projecting a real value
r under any (Rndω, Satω) produces r if r ↓ Vf , pred(r) or
succ(r) otherwise.

Both lemmas follow by case analysis on whether r is in
the finite range [M lo, Mhi]; out-of-range values saturate to
boundary values that are themselves faithful roundings.

Interaction of round-to-odd with saturation. A key
property of RO is the “even implies exact” diagnostic: an
even significand in the result certifies that no rounding oc-
curred, which is vital for double-rounding avoidance [26].
We formalized the conditions under which this holds end-to-
end through P3109’s round-then-saturate pipeline. For values
within the representable finite range M lo ↔ x ↔ Mhi,
saturation is not triggered (Lemma 3), and the diagnostic holds

universally. However, when overflow triggers saturation, the
diagnostic’s reliability depends on the parity of the boundary
values Mhi and M lo. In configurations where these boundaries
have odd significands (e.g., Signed Finite and P > 1),
the diagnostic remains sound. Conversely, for formats like
Unsigned Finite and Signed Extended (P > 1),
Mhi has an even significand because the odd encoding is
reserved for special values. Saturated out-of-range inputs in
these formats erroneously yield an even significand despite
being inexact. Our mechanized proofs provide a complete
characterization: the diagnostic is sound for all in-range values
across all formats, for Signed Finite formats under any
saturation, and for Unsigned Extended formats under any
saturation, but produces false positives when saturation clips
to a boundary value with an even significand.

IV. ANALYSIS OF FASTTWOSUM

FastTwoSum is a foundational error-free transformation
(EFT) that computes the exact rounding error of floating-point
addition. Introduced by Dekker [14], the algorithm computes a
floating-point sum s = ↗(a+b) and a correction term t. Under
any round-to-nearest (RN) mode, if ea ↘ eb, it is guaranteed
that s+t = a+b exactly. This property makes it ubiquitous in
algorithms that emulate twice the working precision or require
intermediate error compensation [27], [17].

Given the widespread use of FastTwoSum, we developed
a mechanized formalization for P3109 to account for its
extremely low precision (P = 1) and explicit saturation
semantics, which prior IEEE-754 analyses exclude [5], [20],
[6]. Using projections, we define FastTwoSum for finite
P3109 inputs a and b as follows.

Definition 1 (FastTwoSum). Given two inputs a, b ↓
Vf \ {±→,NaN} such that f is Signed, FastTwoSum
computes two outputs s, t ↓ Vf using three operations.
Each operation is associated with projection specifications
(Rnd1, Sat1), (Rnd2, Sat2), and (Rnd3, Sat3) respectively.

(a) The bit-to-ADT decoding function.

!(n)=





NaN (n=2K→1 → ”=Signed)↑(n=2K↓1 → ”=Unsigned)

+↔ (n=2K→1↓1 → ”=Signed →#=Extended)

↑ (n=2K↓2 → ”=Unsigned →#=Extended)

↓↔ n=2K↓1 → ”=Signed →#=Extended

↓!fin(n↓2K→1) 2K→1 <n<2K → ”=Signed

!fin(n) otherwise

(a) The bit-to-ADT decoding function.

!fin(n)=

{
p3109_finite(T, E↓P +2) if E = ↓B

p3109_finite(2P→1+T, E↓P +1) otherwise

(b) The helper function for finite value encodings.

Fig. 5: (a) The bit-to-ADT decoding function. (b) The helper function for finite value encodings. S = Signed, U = Unsigned,
E = Extended.

Saturation. Using the saturation modes described in Sec-
tion II, the Saturation function handles values exceeding
the format’s finite range [M lo, Mhi]. The output of applying
RoundToPrecision and Saturation must be a value
in the target value set. We prove this through case analysis on
whether the original input value is already in the finite range. If
it is, the result of RoundToPrecision and Saturation
is guaranteed to be in the value set due to the aforementioned
monotonicity property. For values greater than Mhi, we prove
that the saturated result is either Mhi or +→. Similarly, we
prove that values smaller than M lo saturate to either M lo or
↑→.

Encode. Encode takes a closed extended real value x ↓
Vf and returns the corresponding p3109 algebraic value; its
correctness is guaranteed by the bijection established in the
three-way isomorphism (Theorem 1).

Projection. We assemble the three steps to form the
Projection pipeline. We present key properties of
Projection that are relevant to our analysis in Sections IV
and V.

Lemma 3 (Projection equals to rounding if already in range).
If an extended real value r is in the finite range M lo ↔ r ↔
Mhi then Projection and RoundToPrecision produce
the same outputs in the extended real domain.

Lemma 4 (Projection is ”faithful”). Projecting a real value
r under any (Rndω, Satω) produces r if r ↓ Vf , pred(r) or
succ(r) otherwise.

Both lemmas follow by case analysis on whether r is in
the finite range [M lo, Mhi]; out-of-range values saturate to
boundary values that are themselves faithful roundings.

Interaction of round-to-odd with saturation. A key
property of RO is the “even implies exact” diagnostic: an
even significand in the result certifies that no rounding oc-
curred, which is vital for double-rounding avoidance [26].
We formalized the conditions under which this holds end-to-
end through P3109’s round-then-saturate pipeline. For values
within the representable finite range M lo ↔ x ↔ Mhi,
saturation is not triggered (Lemma 3), and the diagnostic holds

universally. However, when overflow triggers saturation, the
diagnostic’s reliability depends on the parity of the boundary
values Mhi and M lo. In configurations where these boundaries
have odd significands (e.g., Signed Finite and P > 1),
the diagnostic remains sound. Conversely, for formats like
Unsigned Finite and Signed Extended (P > 1),
Mhi has an even significand because the odd encoding is
reserved for special values. Saturated out-of-range inputs in
these formats erroneously yield an even significand despite
being inexact. Our mechanized proofs provide a complete
characterization: the diagnostic is sound for all in-range values
across all formats, for Signed Finite formats under any
saturation, and for Unsigned Extended formats under any
saturation, but produces false positives when saturation clips
to a boundary value with an even significand.

IV. ANALYSIS OF FASTTWOSUM

FastTwoSum is a foundational error-free transformation
(EFT) that computes the exact rounding error of floating-point
addition. Introduced by Dekker [14], the algorithm computes a
floating-point sum s = ↗(a+b) and a correction term t. Under
any round-to-nearest (RN) mode, if ea ↘ eb, it is guaranteed
that s+t = a+b exactly. This property makes it ubiquitous in
algorithms that emulate twice the working precision or require
intermediate error compensation [27], [17].

Given the widespread use of FastTwoSum, we developed
a mechanized formalization for P3109 to account for its
extremely low precision (P = 1) and explicit saturation
semantics, which prior IEEE-754 analyses exclude [5], [20],
[6]. Using projections, we define FastTwoSum for finite
P3109 inputs a and b as follows.

Definition 1 (FastTwoSum). Given two inputs a, b ↓
Vf \ {±→,NaN} such that f is Signed, FastTwoSum
computes two outputs s, t ↓ Vf using three operations.
Each operation is associated with projection specifications
(Rnd1, Sat1), (Rnd2, Sat2), and (Rnd3, Sat3) respectively.

(b) The helper function for finite value encodings.

Fig. 5: (a) The bit-to-ADT decoding function. (b) The helper function
for finite value encodings.

We prove that # is a bijection.

Lemma 1 (# is injective). ↘n1, n2 ≃ Fin(2K), #(n1) =
#(n2) =⇐ n1 = n2

Lemma 2 (# is surjective). ↘b : p3109f , ⇒a ≃
Fin(2K) s.t. #(a) = b

The central difficulty distinguishing these proofs from their
IEEE-754 counterparts is that P3109 dynamically shifts the
boundary between finite and special-value encodings based
on the format parameters (K,!,”), unlike IEEE-754’s static
partition at E = 2W → 1 (Table I). For injectivity, we
decompose the encoding space into disjoint regions and use
the uniqueness of Euclidean division within the finite region.
For surjectivity, we construct explicit bit-pattern witnesses
for each ADT constructor and verify they do not collide
with adjacent partitions. Because P3109 shifts partition bound-
aries dynamically, each format configuration requires separate
verification—our mechanization formally certifies that the
ADT invariants correctly partition the full encoding space.

Differential testing. The three-way isomorphism estab-
lishes internal consistency of our model. To additionally

validate that it faithfully captures the P3109 standard, we
extracted the encode/decode functions in the isomorphism and
performed differential testing against the value table available
in the standard.

Semantic soundness. To connect the algebraic model to the
semantic domain, we define an encoding function encode :
Vf ↓ p3109f that maps values back to the algebraic
structure and establish the round-trip identity:

Theorem 1 (Round-Trip Identity). ↘a ≃
p3109f , encode([[a]]) = a

Theorem 1 confirms that [[·]] is injective and encode is its
left inverse. Since [[·]] is surjective onto Vf by construction, it is
a bijection. Composing # and [[·]] yields the full isomorphism
between Fin(2K) and Vf .

C. Projection

Floating-point operations in the P3109 standard are defined
mathematically on the set of closed extended reals and their
results are projected back into a representable value in the
target format. This projection is a three-step process: rounding
a real number to a precision P with unbounded exponents,
saturating based on the format’s finite range, and encoding
the closed extended real back to a P3109 value. The standard
defines a projection specification ω as a pair consisting of a
rounding mode and a saturation mode: ω = (Rndω, Satω)

Rounding. The RoundToPrecision function converts a
real number x to a value representable with precision P and an
unbounded exponent. P3109 supports all IEEE-754 rounding
modes (e.g., RNE, RZ) as well as RO and three variants
of SR. Our implementation is parameterized by a rounding
operator that rounds the scaled significand of x to an integer;
for each operator, we provide an axiomatic definition and
prove the correctness of the implementation. For the standard
IEEE-754 modes, we formalize their defining properties (e.g.,
RNE returns the nearest neighbor and even significand when at
midpoint, RD returns the predecessor, RU returns the succes-
sor) and show they lift to the P3109 projection pipeline. For the
three SR variants, we formally verify their bias properties [15]:
the fastest variant has exact bias →2→(N+1) for N random
bits, the second variant is pointwise unbiased, and the last
variant remains unbiased even for finite-precision inputs. We
also prove that the unbiased variants achieve O(

⇑
n) root-

mean-square error over n independent roundings.
We separate the unified typeclass that the operators must

satisfy in Flocq [6], a library that formalizes floating-point
arithmetic in Rocq, into two typeclasses Faithful and Mono-
tonic. While all the P3109 rounding modes are faithful, the

Fig. 3: The definition of nfmax, the code point of the maximum
finite datum in a given format.

Bijection between code points and the ADT. We now
make the code-point-to-ADT correspondence explicit. Fix a
format f and write Φ = Φf for the map introduced above.
Figure 4a gives its piecewise definition. For code points in the
finite domain, Φ extracts the trailing significand T = n mod
2P−1 and the stored exponent field Ebiased = ⌊n/2P−1⌋ by
Euclidean division. For a normal code point, encoding stores
Ebiased = E+B, where E is the canonical exponent; decoding
subtracts B to recover E = Ebiased − B. The algebraic con-
structor then stores the LSB exponent e = E−P +1. The all-
zero exponent field is special: it denotes zero or a subnormal
rather than a normal datum with exponent −B. A nonzero
subnormal has canonical exponent E = 1 − B = emin, and
the constructor stores e = eminlsb. The helper function Φfin

(Figure 4b) implements these two cases.
As an executable cross-check, we transcribed the standard’s

complete K = 4 tables into exact dyadic form: 14 formats
and 224 code points. A standalone C decoder implements the
bit-field equations independently of Lean. The artifact’s table-
comparison harness exhaustively compares both the C output
and the executable FLoPS fromBits decoder with those
tables.

We prove that Φ is a bijection.

Lemma 1 (Φ is injective). ∀n1, n2 ∈ Fin(2K), Φ(n1) =
Φ(n2) =⇒ n1 = n2

Lemma 2 (Φ is surjective). ∀b : p3109f , ∃a ∈
Fin(2K) s.t. Φ(a) = b

A challenge with these proofs, which distinguishes it from
the corresponding IEEE-754 counterparts, is that P3109 dy-
namically shifts the boundary between code points for finite
and special datums based on all four format parameters
(K,P,Σ,∆), whereas IEEE-754 reserves a fixed all-ones
exponent field for infinities and NaNs. For injectivity, we
decompose the encoding space into disjoint regions and use the
uniqueness of Euclidean division within the finite region. For
surjectivity, we construct explicit bit-pattern witnesses for each
ADT constructor and verify they do not collide with adjacent



Φ(n) =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

NaN if (n = 2K−1 ∧ Σ = S) ∨ (n = 2K − 1 ∧ Σ = U)

+∞ else if ∆ = E ∧ ((Σ = S ∧ n = 2K−1 − 1) ∨ (Σ = U ∧ n = 2K − 2))

−∞ else if n = 2K − 1 ∧ Σ = S ∧∆ = E

−Φfin(n− 2K−1) else if 2K−1 < n < 2K ∧ Σ = S

Φfin(n) otherwise.

(a) The ordered code-point-to-ADT decoding function.

Φfin(n) =

{︄
p3109_finite(T,eminlsb) if Ebiased = 0,

p3109_finite(2P−1 + T,Ebiased −B − P + 1) otherwise.

(b) The helper for finite code points.

Fig. 4: The cases in (a) are cascading conditionals evaluated from top to bottom; each case after the first assumes that all preceding conditions
are false. S, U, and E abbreviate Signed, Unsigned, and Extended. Constructor proof arguments are omitted; Lean constructs them
from the branch conditions.

partitions. Because P3109 shifts partition boundaries dynami-
cally, each format configuration requires separate verification;
our mechanization certifies that the ADT invariants correctly
partition the full encoding space.

Semantic soundness. To connect the algebraic model to
the semantic domain, we define an ADT reification function,
named encode in Lean, encodeADT : Df → p3109f , and
establish the round-trip identity:

Theorem 1 (Round-Trip Identity).

∀a ∈ p3109f , encodeADT([[a]]) = a.

Theorem 1 confirms that [[·]] is injective and encodeADT

is its left inverse. Since [[·]] is surjective onto Df by construc-
tion, it is a bijection. Composing Φf and [[·]] yields the full
isomorphism between Fin(2K) and Df . In particular, define
the datum-to-code-point map

ωEncodef := Φ−1
f ◦ encodeADT : Df → Fin(2K).

The subscript makes the target format explicit, while
encodeADT names only the intermediate reification from a
datum to its ADT term.

C. Projection

P3109 operations decode code point operands to Rω , apply
a mathematical operation, and project its result to a code point
in the target format. Projection conceptually has three steps:
rounding to precision P with an unbounded exponent, saturat-
ing with respect to the format’s finite range, and encoding the
resulting datum. In our algebraic layer, the last step reifies the
datum as a p3109 term; applying Φ−1

f gives the standard’s
code point. The standard defines a projection specification π
as a pair consisting of a rounding mode and a saturation mode:
π = (Rndπ, Satπ).

Rounding. The RoundToPrecision function converts
x ∈ Rω to a rounded result whose finite cases have precision P
and an unbounded exponent. P3109 includes RNE, RNA, RD,
RU, RZ, RTO, and three variants of SR. Our implementation
is parameterized by a rounding operator that rounds the
scaled significand of x to an integer; for each operator, we

provide an axiomatic definition and prove the correctness
of the implementation. For the standard IEEE-754 modes,
we formalize their defining properties (e.g., RNE returns
the nearest neighbor and even significand when at midpoint,
RD returns the predecessor, RU returns the successor) and
show they lift to the P3109 projection pipeline. For the three
SR variants, we formalize the bias properties studied by
Fitzgibbon and Felix [17]. Write the scaled significand as
y = m + η, where m = ⌊y⌋ and 0 ≤ η < 1. With N
random bits, R is uniform on {0, . . . , 2N − 1}, and rounding
chooses either m or m + 1. Rounding down has signed
error −η output ULPs and rounding up has error 1 − η. If
p↑(η) is the probability of rounding up, the pointwise bias is
ER[rnd(y;R) − y] = p↑(η) − η; the aggregate bias averages
it over a specified distribution of input fractions η.

For idealized inputs, η is uniform on [0, 1). Variant A
rounds up with probability ⌊η2N⌋/2N , yielding aggregate bias
−2−(N+1). Variant B shifts the random threshold by half a step
and has zero aggregate bias under this continuous distribution.
Finite-precision inputs give a different distribution: if the
source has D more significand bits than the target, the possible
fractions form the grid η = j/2D, 0 ≤ j < 2D, on which
variant B can be biased. At an aligned position η = k/2N ,
however, exactly k of its 2N random choices round up, so its
pointwise bias is zero.

Variant C first rounds η to the nearest point on the 2−N

grid, η′ = RNITE(η2N )/2N , where RNITE rounds to the
nearest integer with ties to even, and then applies variant A.
For N > 0, the initial nearest-even rounding errors average
to zero over a complete D-bit input grid, while variant A
is unbiased at the resulting grid points; hence variant C has
zero aggregate bias on that grid. We formalize a root-mean-
square accumulated-error bound of

√
n/2 output ULPs for n

independent aligned variant-B roundings. For variant C, we
formalize the accumulated error relative to the original inputs
and prove the same bound for the n = 2D points of a complete
D-bit input grid.

Flocq [6], a library that formalizes floating-point arithmetic
in Rocq, packages monotonicity and exactness on integers in



its Valid_rnd typeclass: x ≤ y implies rnd(x) ≤ rnd(y),
and rnd(n) = n for every integer n. FLoPS instead uses
a Faithful typeclass, requiring rnd(e, r) to be either ⌊r⌋
or ⌈r⌉, and a separate Monotonic typeclass. For each fixed
exponent, Faithful and Monotonic together imply the
Flocq-style obligations. All P3109 rounding modes are faith-
ful, but the stochastic operators are not monotonic. Assuming
only faithfulness, we can still establish a weaker monotonicity
result when one side of the inequality is already representable
(i.e., x ≤ y) ; this is sufficient for the arithmetic proofs in the
following sections.

To accommodate P3109’s low-precision formats, our round-
ing operator has signature rnd: Z → R → Z, where
the first argument is the canonical exponent. This diverges
from Flocq’s [6] context-insensitive R → Z operator, which
cannot implement P3109’s exponent-dependent tie-breaking
for P = 1 formats (e.g., RNE relies on the parity of the stored
biased exponent Ebiased = E + B rather than significand
parity). We avoid partially applying the exponent, as doing
so would make the operator binade-dependent and prevent the
proof of global monotonicity. Here a binade is the interval
between two consecutive powers of two; the concern is that
the partially applied operator would change from one such
interval to the next.

Saturation. Using the saturation modes described in Sec-
tion II, the Saturation function handles inputs outside
the format’s finite range [M lo,Mhi]. The output of applying
RoundToPrecision and Saturation must be in the tar-
get datum set. We prove this through case analysis on whether
the original input is already in the finite range. If it is, the result
of RoundToPrecision and Saturation is guaranteed to
be in the datum set due to the aforementioned monotonicity
property. For inputs greater than Mhi, the saturated result is
Mhi, +∞, or NaN; below M lo, it is M lo, −∞, or NaN, as
prescribed by the standard’s saturation table. A NaN input is
propagated unchanged by every saturation mode.

ADT reification. The Lean function encodeADT takes a
datum x ∈ Df and returns the corresponding p3109 algebraic
term; its correctness is guaranteed by the bijection established
in the three-way isomorphism (Theorem 1).

Projection. We assemble the three steps to form the
Projection pipeline. We present key properties of
Projection that are relevant to our analysis in Sections IV
and V.

Lemma 3 (Projection equals rounding in range). If a real r is
in the finite range M lo ≤ r ≤ Mhi then Projection and
RoundToPrecision produce the same outputs in Rω .

Lemma 4 (Projection is “faithful”). Projecting a real r in the
finite range [M lo,Mhi] under any (Rndπ, Satπ) produces r
if r ∈ Df , and pred(r) or succ(r) otherwise.

Both lemmas follow because saturation is not triggered
for inputs in the finite range and rounding selects either a
representable input or one of its two representable neighbors.

Interaction of round-to-odd with saturation. A key

property of RTO is the “even implies exact” diagnostic:
an even significand in the result certifies that no rounding
occurred, which is vital for double-rounding avoidance [29].
We formalized the conditions under which this holds end-to-
end through P3109’s round-then-saturate pipeline. For values
within the representable finite range M lo ≤ x ≤ Mhi,
saturation is not triggered (Lemma 3), and the diagnostic holds
universally. However, when overflow triggers saturation, the
diagnostic’s reliability depends on the parity of the boundary
values Mhi and M lo. In configurations where these boundaries
have odd significands (e.g., Signed Finite and P > 1),
the diagnostic remains sound. Conversely, for formats like
Unsigned Finite and Signed Extended (P > 1),
Mhi has an even significand because the odd encoding is
reserved for special values. Saturated out-of-range inputs in
these formats can yield an even significand despite being
inexact. Our mechanized proofs provide a complete char-
acterization: the diagnostic is sound for all in-range values
across all formats and for Signed Finite formats under
any saturation. In other configurations, saturation can clip to
a boundary value with an even significand.

IV. ANALYSIS OF FASTTWOSUM FOR P3109

FastTwoSum is a foundational error-free transformation
(EFT) that computes the exact rounding error of floating-point
addition. Introduced by Dekker [16], the algorithm computes a
floating-point sum s = ◦(a+b) and a correction term t. Under
any round-to-nearest (RN) mode, if ea ≥ eb, it is guaranteed
that s+t = a+b exactly. This property makes it ubiquitous in
algorithms that emulate twice the working precision or require
intermediate error compensation [30], [19].

FastTwoSum(a, b) :

s = ◦(a+ b)

z = ◦(s− a)

t = ◦(b− z)

return s, t

(a) Original FastTwoSum
algorithm

a = Ma2
ea

b = Mb2
eb

δ

ea + P − 1 eb + P − 1 ea eb

(b) Visualization of
δ = a+ b− s

Fig. 5: (a) The expression ◦(·) denotes a floating-point op-
eration that rounds the real arithmetic result via a given
rounding mode ◦ (e.g., RNE). The outputs s and t represent,
respectively, the rounded sum of a+ b and an approximation
of its rounding error δ = a+ b− s. (b) Suppose a = Ma2

ea

and b = Mb2
eb , where ea ≥ eb. A P -bit significand for x

spans exponent positions ex through ex+P −1. The diagram
shows the overlapping case ea ≤ eb + P − 1; s = ◦(a + b)
rounds away the trailing bits of b. The bits in the gray region
form the rounding error δ = a+ b−s. If this region is exactly
representable with P bits, δ is a datum in the same format as
a and b.



Given the widespread use of FastTwoSum, we developed
a mechanized formalization for P3109 to account for its
extremely low precision (P = 1) and explicit saturation
semantics, which prior IEEE-754 analyses exclude [5], [23],
[6]. Using projections, we define FastTwoSum for finite
P3109 inputs a and b as follows.

Definition 1 (FastTwoSum). Given two inputs a, b ∈ Df \
{±∞,NaN} such that f is Signed, FastTwoSum computes
two outputs s, t ∈ Df using three operations. Each opera-
tion is associated with projection specifications (Rnd1, Sat1),
(Rnd2, Sat2), and (Rnd3, Sat3), respectively.

s← Project(Rnd1,Sat1)(a+ b)

z ← Project(Rnd2,Sat2)(s− a)

t← Project(Rnd3,Sat3)(b− z)

The primary objective of FastTwoSum is to ensure that t
is an accurate estimate of the error δ = a+ b− s. To analyze
the accuracy of t under P3109 arithmetic, we first establish
the conditions under which the second operation is exact (i.e.,
no rounding error).

Lemma 5 (Exact Intermediate Step). Let a, b ∈ Df \
{±∞,NaN} for a Signed format f . If |a + b| ≤ Mhi and
ea ≥ eb, then s− a ∈ Df .

The proof for the above lemma can be found in [5, Lemma
2.5]. Our formalization of this proof certifies that Lemma 5
holds for all Signed P3109 formats, irrespective of the avail-
able precision P and projection specifications (Rnd1, Sat1)
and (Rnd2, Sat2). Because s − a is representable, Lemma 5
yields z = Project(Rnd2,Sat2)(s − a) = s − a. Subsequently,
t = Project(Rnd3,Sat3)(b−(s−a)) = Project(Rnd3,Sat3)(a+
b − s): t is the projection of δ = a + b − s via Rnd3 and
Sat3. As previously mentioned, if s is a representable datum
nearest to a+b, then δ is also representable. We establish this
property for all Signed P3109 formats.

Lemma 6 (Representable Error). Let a, b ∈ Df \{±∞,NaN}
for a Signed format f . If |a + b| ≤ Mhi and s =
Project(Rnd1,Sat1)(a+b) for Rnd1 ∈ RN, then δ = a+b−s ∈
Df .

Note that Lemma 6 only requires Rnd1 to perform round-to-
nearest (i.e., Rnd1 ∈ RN) without any specified tie-breaking
rule. Because Rnd1 is not restricted to RNE, we are able to
prove Lemma 6 for all Signed formats without separately
addressing cases where P = 1. Since Lemma 5 ensures t is a
projection of δ and δ is representable, the final projection is
exact.

Theorem 2 (Exact Error Computation). Let a, b ∈ Df \
{±∞,NaN} for a Signed format f . If |a + b| ≤ Mhi,
ea ≥ eb, and Rnd1 ∈ RN, then t = a+ b− s.

Theorem 2 implies that under RN, |a+ b| ≤Mhi and ea ≥
eb guarantee s+t = a+b and that FastTwoSum is an EFT in
P3109 arithmetic. We extend this analysis to the general case
where the rounding mode is not RN, a scenario relevant to

P3109’s support for diverse rounding modes. Previous analyses
have established that even when s is not the nearest neighbor
of a + b, t is still a faithful rounding of δ so long as z =
s − a [5] [23]. As previously explained, Lemma 5 induces
z = s− a and t = Project(Rnd3,Sat3)(δ). Through Lemma 4,
which guarantees the faithfulness of projections, we establish
that t is a faithful rounding of δ for all Signed P3109 formats
irrespective of the rounding mode used to compute s.

Theorem 3 (Faithful Error Computation). Let a, b ∈ Df \
{±∞,NaN} for a Signed format f . If |a + b| ≤ Mhi and
ea ≥ eb, then t is a faithful rounding of δ = a+ b− s.

To derive t = Project(Rnd3,Sat3)(b − z) =
Project(Rnd3,Sat3)(a + b − s) from Lemma 5, Theorems 2
and 3 must ensure that z is a finite datum (i.e., |z| ≤ Mhi).
Note that Theorems 2 and 3 both require |a + b| ≤ Mhi,
which subsequently ensures |s| ≤ Mhi (i.e., the first
operation does not overflow to infinity). Therefore, under
the standing assumption ea ≥ eb, we must establish that
|s| ≤Mhi guarantees |s−a| ≤Mhi and the second operation
z ← Project(Rnd2,Sat2)(s − a) does not induce overflow.
Boldo et al. prove this property in [5, Theorem 5.1]. However,
the proof requires the target format to have at least 3 bits of
precision. Through new proofs that separately address P = 1
and P = 2, we confirm that FastTwoSum is immune to any
intermediate overflow for all Signed formats regardless of
their precision.

Theorem 4 (Overflow Immunity). Let a, b ∈ Df \{±∞,NaN}
for a Signed format f . If |a + b| ≤ Mhi and ea ≥ eb,
then |s − a| ≤ Mhi, so the projection computing z does not
overflow.

The properties s − a ∈ Df (Lemma 5) and δ ∈ Df

(Lemma 6) that underlie FastTwoSum’s EFT guarantees both
require s to be finite. Theorem 2 thus assumes |a+ b| ≤Mhi

to ensure the first operation does not overflow to infinity
regardless of Rnd1 and Sat1. Due to its explicit saturation
semantics, addition in P3109 can keep s finite even when
the real sum lies outside the finite range. Based on this
observation, we identify a novel property of FastTwoSum:
when an overflowing sum is clamped to the corresponding
finite boundary, ea ≥ eb guarantees t = a+ b− s.

Theorem 5 (Exact Overflow Error Computation). Let a, b ∈
Df \ {±∞,NaN} for a Signed format f . If ea ≥ eb and
either a + b > Mhi with s = Mhi or a + b < M lo with
s = M lo, then t = a+ b− s.

Theorem 5 implies that when the real result a + b is
in the overflow range and s is clamped to the correspond-
ing finite boundary, FastTwoSum can compute the exact
overflow error. Furthermore, Theorem 5 holds irrespective of
the rounding mode used to compute s. By addressing sums
in the overflow range, Theorem 5 broadens FastTwoSum’s
applicable domain. Our findings thus highlight the utility of
P3109’s saturation features, as they preserve FastTwoSum’s
EFT guarantees in settings excluded by pure rounding.



V. ANALYSIS OF EXTRACTSCALAR

FastTwoSum is the foundation of various floating-point
splitting algorithms, which decompose an input x across two
numbers xh and xℓ such that x = xh+xℓ. The most prominent
example is Dekker’s splitting [16], which splits a P -precision
number across two values each with at most ⌊P2 ⌋ effective
bits of precision (i.e., available precision minus the number
of trailing zeroes). When applied iteratively, splitting algo-
rithms enable floating-point expansions, which represent num-
bers across multiple non-overlapping, lower-precision values.
Given the low-precision nature of P3109 formats, formalizing
floating-point splitting techniques for P3109 representations is
of practical use to the design of future algorithms.

Unlike Dekker’s splitting, which assigns a fixed number of
bits, ExtractScalar [31] is an algorithm for which the
distribution of precision is configurable. Using the projection
specification, we define ExtractScalar for finite P3109
inputs as follows.

Definition 2 (ExtractScalar). Given two finite inputs
σ, x ∈ Df such that f is Signed, ExtractScalar
computes two outputs xh, xℓ ∈ Df using three operations
performed under RNE and arbitrary saturation modes Sat1,
Sat2, and Sat3, which may differ.

s← Project(RNE,Sat1)(σ + x)

xh ← Project(RNE,Sat2)(s− σ)

xℓ ← Project(RNE,Sat3)(x− xh)

ExtractScalar assumes σ = 2i for some i ∈ Z (i.e.,
σ is an integer power of 2). ExtractScalar also assumes
|x| ≤ 2−jσ for some j ∈ N such that |σ + x| ≤ Mhi (i.e.,
no overflow). Given these assumptions, Rump et al. prove that
ExtractScalar’s outputs xh and xℓ satisfy x = xh + xℓ:
ExtractScalar is an EFT of x [31]. Moreover, they
establish that the number of effective bits in xh and xℓ are
determined by the working precision P and the parameter j
used to define σ (see Figure 6a).

While producing an EFT, ExtractScalar enforces sev-
eral bounds on xh and xℓ: |xh| ≤ 2−jσ, xh ∈ 2−PσZ
(i.e., xh is an integer multiple of 2−Pσ for precision P ),
and |xℓ| ≤ 2−Pσ. Through |xh| ≤ 2−jσ and xh ∈ 2−PσZ,
ExtractScalar ensures that the number of effective bits
in xh is determined by the exponent difference between σ and
x. ExtractScalar thus allows σ to be configured with
the appropriate j to achieve the desired distribution across
xh and xℓ. In conjunction with the property |xℓ| ≤ 2−Pσ,
xh ∈ 2−PσZ also ensures that xh and xℓ are non-overlapping.
ExtractScalar’s guarantees of |xh| ≤ 2−jσ and xh ∈

2−PσZ also enable EFTs for floating-point vector operations.
Given an n-element floating-point vector v ∈ Dn

f , suppose σ
is configured with respect to maxi|vi| (i.e., maxi|vi| ≤ 2−jσ).
Applying ExtractScalar to each element vi with the
given σ subsequently produces vectors vh, vℓ ∈ Dn

f such
that v = vh + vℓ. Furthermore, ExtractScalar ensures
that for all elements vh,i, |vh,i| ≤ 2−jσ and vh,i ∈ 2−PσZ.

With their effective bits occupying the same range (see Fig-
ure 6b), the elements of vh can be interpreted as fixed-
point numbers. In [31], Rump et al. leverage this property
to design an algorithm that adds all elements of vh without
inducing any rounding errors. This strategy has subsequently
enabled accurate, vector-based algorithms for floating-point
accumulation [31] [32] and dot products [26].

While Dekker’s splitting is a well-studied algorithm
that has been analyzed using mechanized proofs [3],
ExtractScalar currently lacks such rigorous formaliza-
tion. We have thus developed to our knowledge the first
mechanized proof of ExtractScalar for P3109 formats.
We present our key findings below.

Theorem 6 (ExtractScalar Properties). Let σ, x ∈ Df \
{±∞,NaN} for a Signed format f such that P > 1. Let
σ = 2i for some i ∈ Z. Let |x| ≤ 2−jσ for some j ∈ N.
If |σ + x| ≤ Mhi, then for arbitrary saturation modes Sat1,
Sat2, and Sat3, the outputs xh and xℓ satisfy the following
conditions.

(a) x = xh + xℓ

(b) |xℓ| ≤ 2−Pσ

(c) xh ∈ 2−PσZ
(d) |xh| ≤ 2−jσ

Note that s and xℓ are the outputs of performing
FastTwoSum (see Definition 1) on σ and x under RNE.
Furthermore, ExtractScalar’s precondition |x| ≤ 2−jσ
implies eσ ≥ ex. As such, Lemma 5 and Theorem 2 imply
xh = s − σ and xℓ = σ + x − s, respectively. Subsequently,
x = xh + xℓ, and thus ExtractScalar is also an EFT
under P3109 arithmetic. The core proofs for postconditions
(b) through (d) are available in [31, Lemma 3.3, p. 201]. A
direct application of these proofs to our model confirms these
conditions for all Signed P3109 formats with precision at
least two.

The original proof of the last condition |xh| ≤ 2−jσ
leverages the properties of RNE. The proof asserts that when
σ + x is at the exact midpoint between σ and one of its
floating-point neighbors, σ being an integer power of 2 induces
s = σ under RNE (see first operation in Definition 2). The
equality s = σ induces xh = 0, which satisfies |xh| ≤ 2−jσ
for the relevant values of j. However, the proof implicitly
assumes all integer powers of 2 in the target format have even
significands, which is not the case for P3109 formats where
P = 1. As detailed in Section III-C, the tie-breaking for RNE
when P = 1 uses the parity of the stored biased exponent.
Thus, the floating-point sum of σ and x need not round to σ
when σ = 2i for an odd integer i. Consequently, our analysis
indicates that condition (d) does not hold for P = 1.

VI. LEAN DEVELOPMENT

We developed FLoPS using Lean 4. The development
comprises approximately twenty-one thousand lines of code,
covering the bit encodings, the algebraic model, the iso-
morphism proofs, the projection pipeline, and the analyses



ExtractScalar(σ, x) → xh, xℓ

σ :

x : xh xℓ

prec(xh) ≤
P − j

prec(xℓ)
≥ j

eσ + P − 1 ex + P − 1 eσ ex

(a) Visualization of ExtractScalar

∀vi ∈ v, ExtractScalar(σ, vi) → vh,i + vℓ,i

σ :

v1 : vh,1 vℓ,1

v2 : vh,2 vℓ,2

· · ·

vn : vh,n vℓ,n

(b) Application of ExtractScalar

Fig. 6: (a) The horizontal axis shows exponent positions, with eσ ≥ ex. ExtractScalar’s outputs xh and xℓ satisfy
x = xh + xℓ. Given j ∈ N such that |x| ≤ 2−jσ, the floating-point sum of σ and x rounds away at least j trailing bits of x,
which are captured in xℓ. xh, which captures x’s leading bits, has at most P − j effective precision bits. (b) Given a floating-
point vector v ∈ Dn

f , applying ExtractScalar to each element vi produces vectors vh, vℓ ∈ Dn
f such that v = vh + vℓ.

The elements of vh collectively operate as fixed-point numbers.

of FastTwoSum and ExtractScalar. The mathematical
model uses Mathlib’s EReal for reals and infinities, ex-
tended with Unit for NaN. The development also includes an
executable bit-level kernel over Lean’s Fin(2K) type. Refine-
ment proofs cover encoding, decoding, rounding, saturation,
projection, and the core arithmetic operations; executable tests
cover the standard’s exceptional-value rules.

Errors discovered. During the process of formalizing the
P3109 standard, we discovered multiple errors in the interim
P3109 report [22]. We reported them to the working group, and
the corrections have been incorporated into the draft standard.
We highlight a few.

1) We discovered that the emax for unsigned formats was
incorrectly specified. The interim report gave 2W −1−B
as emax, but this does not hold for representations with
precision P = 1 and P = 2 as described in Section III-A.

2) We identified that the encode function had an error
in the specification of infinity. The interim report had
erroneously assigned 2K−1−2 to +∞ in the Unsigned
Extended format; the correct code point is 2K − 2.

3) We also identified that a note in the report about projec-
tion was incorrect for RU; it has also been corrected.

VII. RELATED WORK

The formalization of floating-point arithmetic [25] has a rich
history spanning multiple proof assistants. One of the earliest
efforts was Harrison’s [18] formalization in HOL Light, which
verified floating-point algorithms such as the exponential func-
tion. In PVS, Boldo and Muñoz [8] developed a parametric
formalization that abstracts over format parameters. In Rocq,
the PFF library [13], [3], [4] provided a high-level, axiomatic
formalization of IEEE-754, but relied on rounding defined as a
relation rather than a computable function, limiting its use for
executable specifications. Flocq [6] addressed this by unifying

PFF’s axiomatic strengths with executability via the “Generic
Format”, and remains the state-of-the-art for IEEE-754 verifi-
cation. Flocq is actively being ported to the FloatSpec [2]
library in Lean. In Isabelle, Yu et al. [36] formalize IEEE-754
with a focus on executable representations. However, none of
these frameworks can be directly adapted for P3109 due to
structural mismatches in their rounding operator signatures and
lack of saturation semantics (see Section III-C).

Closest to our work, Wintersteiger et al. [35] formalized the
operational specification of P3109 using Imandra, producing
an executable reference implementation with automatically
extracted OCaml code. Their verification focuses on totality,
proving that each operation always produces a valid P3109
code point rather than an error. Our work differs in scope: we
establish a three-way isomorphism between bit encodings, an
algebraic model, and the semantic domain; we formalize the
full projection pipeline including all rounding and saturation
modes; and we analyze the correctness properties of numerical
algorithms (FastTwoSum and ExtractScalar) within
P3109 arithmetic. SMT solvers such as Z3 [15] support IEEE-
754 floating-point theory but do not model P3109’s parametric
formats or saturation modes.

Rounding-error analysis tools such as Gappa [14] and
VCFloat2 [1] generate verification conditions tailored for
IEEE-754’s overflow-to-infinity semantics. P3109’s saturation
semantics can map overflow to a finite boundary, infinity, or
NaN, behavior outside the scope of these tools. The RLibm
project [24], [28] has recently analyzed FastTwoSum under
round-to-odd [29], which is directly relevant to P3109 as it
adopts round-to-odd as a rounding mode. Other efforts in
correctly-rounded libraries [11], [33], automated error opti-
mization [27], [12], and safety-critical analysis [34] address
complementary aspects of floating-point verification but do not
target P3109’s parametric formats or saturation semantics.



VIII. CONCLUSION

The FLoPS framework provides a machine-checked spec-
ification of P3109’s parametric formats and projection se-
mantics in Lean, including stochastic rounding and satura-
tion. We show a three-way equivalence between code points,
our algebraic inductive type, and the datum set over Rω .
We show the usefulness of FLoPS by analyzing founda-
tional FP algorithms such as FastTwoSum and the FP
splitting technique ExtractScalar. Our verification of
FastTwoSum revealed a novel property specific to P3109:
when an overflowing sum is clamped to the corresponding
finite boundary datum, the algorithm computes the exact
overflow error regardless of the rounding modes used. Our
analysis of ExtractScalar shows that previously known
properties fail for formats with one-bit precision, highlighting
the necessity of bespoke verification for ultra-low-precision
formats.

As P3109-compliant hardware accelerators emerge,
FLoPS’s bit-level isomorphism provides a natural bridge
for RTL equivalence checking: properties proven on
our algebraic model transfer directly to the concrete bit
encodings that hardware implements. The verified projection
pipeline, including saturation and all rounding modes, can
serve as a golden reference model against which hardware
implementations are validated. Future work includes extending
the algorithm analyses to Unsigned formats, which are
relevant for machine learning operations such as ReLU that
produce only nonnegative outputs, and connecting FLoPS to
automated verification tools such as SMT-LIB’s floating-point
theory.
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